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1. INTRODUCTION 
For certain autonomous nonlinear singular perturbation problems with internal layer behavior, 
the location of the internal ayers can only be determined by incorporating the effect of exponen- 
tially small terms in the asymptotic expansion of the solution. In one spatial dimension, boundary 
value problems of this type have been studied using various asymptotic methods in [1-3]. In this 
letter, we outline some recent asymptotic results of [4,5] for the construction of localized solutions 
to certain reaction-diffusion equations in a multidimensional setting. 
In [4], a spike-layer solution is constructed for 
E2Au + Q(u) = O, x ~ D C T~ N, (1) 
ecO,~u + bu = O, x E OD. (2) 
Here e << 1, D is a bounded convex domain, On is the outward normal derivative, and b = b(~) > 0, 
where ~ = (~1,... ,~N-1) is a parameterization f OD. The nonlinearity Q(u) is assumed to be 
such that there exists a unique radially symmetric solution uc(~-lr)  to (1) in all of A N, which 
decays exponentially at infinity. Thus, Q(0) = 0 and Q'(0) < 0. For the case b = 0, it was proved 
in [6] that the least-energy solution of (1),(2) has the form u ~ uc [e- l Ix - x01], where x0 is the 
point on cOD which maximizes the mean curvature of cOD. In [4], a spike-layer solution for (1),(2) 
is constructed where the spike-layer location x0 is not on cOD, but instead, is strictly contained 
within D. When N = 2, it is shown in [4] that xo = xin + O(e), where xln is the center of the 
largest inscribed circle for D, whenever that circle is uniquely defined. In certain cases, the O(e) 
term in x0 can be obtained explicitly. Some of these results are summarized in Section 2. Some 
related results for problems with interior spikes for the case b = oc are given in [7]. 
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The motivation for studying (1),(2) is that the analysis for this problem provides the first step 
in constructing localized solutions, in a multidimensional setting, for certain classes of reaction- 
diffusion equations of activator-inhibitor type. An example of such a problem is the well-known 
Gierer-Meinhardt system [8] modeling biological pattern formation. For this model, the numeri- 
cal computations of [9] in a square domain showed that when the inhibitor diffuses quickly, the 
activator concentration can have localized maxima at certain points inside the domain. Their 
computations suggested that the locations of these spikes for the steady-state activator concentra- 
tion can exhibit a high degree of apparent 'randomness'. The question we eventually would like to 
address is whether these computed solutions with 'randomly' located spikes are true steady states 
of the Gierer-Meinhardt model, or instead, whether they represent metastable states that evolve 
very slowly in time. To study this question, we first must determine analytically the steady-state 
locations of the spikes of the activator concentration for a solution with N > 1 spikes. In this 
context, the problem (1),(2) represents a crude model for the activator concentration i the case 
when the inhibitor field is constant. For this model problem, the results summarized below in 
Section 2 determine the location of the spike-layer for a solution with exactly one interior spike. 
Further work needs to be done to construct multispike solutions for (1),(2) and to extend the 
analysis to a coupled activator-inhibitor system. 
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Figure 1. Schematic plot of a bubble of radius rb in a two-dimensional convex domain. 
Internal ayer solutions exhibiting dynamical metastability can occur for some phase separation 
models for a binary mixture in a multidimensional setting (see [5,10,11]). More specifically, for 
phase separation models that conserve mass, the motion of a spherical interface, which separates 
the two phases of the material, can be exponentially slow. These solutions, referred to as bubble 
solutions, can typically arise at the last stage of a coarsening process involving several closed 
interfaces. In [5], the slow-motion behavior of such a bubble solution is analyzed for the following 
nonlocal Allen-Cahn equation, which was introduced in [12l: 
ut = ~2Au + Q(u) - a, x e D c ~N,  (3) 
Onu = O, x e OD; /D u(x, t) dx = M.  (4) 
Here u = u(x,t ;e) ,  a = a(t;e), e << 1, D is a bounded convex domain, M is constant, and 
Q(u) = -V~(u) ,  where V(u)  is a double-well potential with wells of equal depth located at the 
two preferred phases s+ > 0 and s_ < 0 where V(s+) = O. Prototypical is Q(u) = u - u s. 
This problem is probably the simplest phase separation model with a mass constraint where 
exponentially slow bubble motion can occur. In Figure 1, we give a schematic plot of the bubble 
and the geometry for this problem. The radius rb of the bubble is determined by the mass M. 
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In [5], the bubble is shown to drift exponentially slowly across the domain, without change of 
shape, towards the closest point on OD and an explicit ODE for the motion of the center of the 
bubble is derived. Some results of [5] for (3),(4) are summarized in Section 3. The slow bubble 
motion for this problem is closely related to a similar motion, studied in [10,11], that occurs for 
the Cahn-Hilliard equation. 
An interesting observation relating (1) and (2) with (3) and (4) is that the geometric riteria 
determining the (unstable) equilibrium location of the spike-layer solution is essentially the same 
as that for the bubble solution. 
2. A SP IKE  LAYER IN  A MULT ID IMENSIONAL DOMAIN 
The canonical spike solution u¢(p), where p = e - l r  and r = Ix], satisfies 
,, (N  - 1) , 
uc + ~ u ~  + Q (~)  = 0, p > 0; u'A0) = 0, (5) 
P 
uc(p) ,,~ ap(1-1v)/2e -~p, as p --* oo, where t /= [-Q'(0)] 1/2 . (6) 
Here a > 0. Sufficient conditions on Q(u) for the existence and uniqueness of the solution 
to (5),(6) are given in [6]. Prototypical is Q(u) = -u  + u m, where 1 < m < my with mN = 
(N + 2) / (N-  2) if N _> 3 and mN = oo if N = 2. 
In [4l, we construct a solution to (1),(2) of the form u ~ uc [e-l[x - z0[], where x0 6 D 
satisfies dist(xo, OD) = O(1) as ~ --* 0. Since uc(p) decays exponentially as p --* ~ ,  it follows 
that uc [e-*[x - x0[] fails to satisfy (2) by only exponentially small terms for any x0 e D. Thus, 
the problem of determining x0 is exponentially ill-conditioned. An equation for xo is derived in [4] 
by extending the projection method of [3] and [2] to a multidimensional setting. The method is 
summarized as follows. 
We first linearize (1) about u¢ [e -1 Ix - x0[]. We then expand the solution w to the linearized 
problem in terms of the eigenfunctions of the linearized operator as 
= = , , ,  i o., + , ,1  (7)  
j=0 D 
Here A j, t j  are the normalized eigenpairs of 
_= + Q, [uc = 
~0~¢ + b¢ = 0, 
x e D; (¢, ¢) = 1, (8) 
z 60D,  (9) 
where (u,v) = fDUVdx and r = Ix -x0[ .  It is shown in [4] that A0 > 0with)~0 = O(1) as 
--* 0. Next, by translation invariance, it follows that t j  = Oxjuc(e-lr) satisfies L~¢j = 0, 
for j = 1 , . . . ,  N. Thus, in all of T~ N, there are N zero eigenvalues of (8) with corresponding 
eigenfunctions t j for j = 1 . . . .  ,N. Since uc(p) decays exponentially as p --, oo, t j  fails to 
satisfy (9) by exponentially small terms. This slight break in the translation invariance as a 
result of the finite domain leads to the existence of N exponentially small eigenvalues ,kj with 
corresponding normalized eigenfunctions t j  ,,~ Bj [Oxjuc(e-lr) + q)Lj], for j = 1 . . . . .  g .  Here, 
0Lj is a boundary layer function, localized near OD, which allows (9) to be satisfied. Using a 
boundary layer analysis and Green's identity, we can obtain precise asymptotic estimates for t j  
on c3D and for the exponentially small eigenvalues /~j, for j = 1, . . . ,  N (see [4]). Then, since 
,kj --* 0 exponentially as e --* 0 for j = 1 . . . . .  N, we require that the limiting solvability conditions 
Cj --* 0 as ~ --* 0 for j = 1 , . . . ,  N be satisfied. This leads to the following proposition. 
PROPOSITION 1. (Spike-Layer Location). For e --* 0, the location xo of the spike-layer solution 
satisfies I(xo) = 0, where the vector function I(xo) is defined by 
I (x° )=/aDr ' -~Ve-2~- ' r [ l+r 'n ]  ( b-~'~)-~'~-~ ~dS. (10) 
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Suppose that there exists a unique largest inscribed circle B for D with radius rm and with 
center at xm. Then, as shown in [4] from using Laplace's method, there is a root to I(xo) = 0 
satisfying [Xo - xin] = O(¢) as ~ ~ 0. For the case N = 2, a more precise result is given by [4]. 
COROLLARY 1. (Three-Point Contact). Assume that 13 is uniquely defined and that B makes 
exactly three-point contact with OD at x(~i) E OD for i = 1, 2, 3. Suppose that b - v has the 
same sign at each contact point and that sirin > -1  for i = 1,2,3, where si <- 0 is the curvature 
o[ OD at x(~i). Then, xo = xo(e) satisfies 
• = . , .  + + o (11) 
where x I is the solution to the linear system 
- r2 -  {3 
(12) 
(13) 
Here, Ai = (1 + ~irin) -1/~ (bi - v) (bi + u) -1, bi = b(~i), and ¢zi and ti are the unit outward 
normal vector and the unit tangent vector at x(~i) E OD, respectively. 
3. SLOW BUBBLE MOTION FOR THE NONLOCAL 
ALLEN-CAHN EQUATION 
The slow motion of a bubble solution is analyzed in [5] by using the projection method to 
derive an equation of motion for the center x0 = xo(t) of a bubble of radius rb (see Figure 1). 
Some of the results include the following proposition. 
PROPOSITION 2. (Bubble Motion). Suppose that the bubble is contained in D. Then, the 
location xo = xo(t) of the center of the bubble satisfies the asymptotic ODE 
eNa~y2 fo rl-Ne-2v~e-t(r-rb) ~ [1 + ~" h] ~. ridS. (14) 
Here r = [x (~)  - x0(t)[ ,  e = [x(~) - x0( t ) ] / r ,  r = r(~) is the unit outward normal to OD, ~'~N is 
the surface area of the unit N-ball and ~ = ( ~1, . . . , ~N-1) parameterizes O D. The other constants 
in (14), which depend on Q(u), are given by 
B = [V(u)] 1/2 du; 
,15_  
~+ = [_Q,(~+)]ln ; 
log ~+ = [2v(u)]l/2 + u -s+ du, (15) 
[ ¢/~(N - 1)v+4 ~" ] 
, ,¢ = , , ,  1 + - ( s+)  + o , (16) 
where V(u) = - f,u Q(rl ) dri. 
The equilibrium location for the center of the bubble is determined by setting g0 = 0 in (14). 
Then, by comparing (14) with (10), it follows that Corollary 1, which is valid for N = 2, also 
holds for the (unstable) equilibrium bubble location if we replace v in (12),(13) with v~. and set 
b = 0 in (12),(13). The next result is obtained by evaluating the integral in (14) asymptotically. 
COROLLARY 2. (Explicit Motion). Assume that at t = O, X(~o) is the unique point on OD which 
is closest to the initial location Xo(0) = x °. Then, for t > 0 and ¢ ~ 0, the motion of the center 
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of the bubble is in the direction of x(~o) - X°o and the distance rm(t) = Ix((o) - xo(t)[ satisfies 
the asymptotic ODE 
( 6 ~(N+1)/2 
U(rm) e -2~-~(r ' - rb ) .  (17) 
~,~ ~ -¢rm \ rm ] 
Moreover, let rm(0) ---- r0 > rb. Then, the bubble begins to collapse against OD when rm(tc) = rb, 
where the collapse time tc satisfies 
(e ) (1 -N) I2 [H( ro ) ] - I [  ¢ (N-1  
Here, ¢ and H(rm) are defined by 
N-l~i=l (Ri-1 ro))]  eU~Cl(r°-r~)" (18) 
¢-  ~N/~ \~)  ; 
N-I ( .~/)-1/2 
g(rm) = 1-I 1 -  rm , (19) 
i= l  
where Ri >_ 0 for i = 1, . . . ,  N - 1, are the principal radii of curvature of OD at X(~o) E OD. 
REMARK 1. More precisely, the result (17) is valid only up unti l  the bubble is within an 0(6)  dis- 
tance of OD (i.e., rm - rb = 0(6)). 
REMARK 2. It follows by symmetry that two nonoverlapping bubbles of equal radii rb, whose 
centers are separated at t = 0 by an amount 2r0, will first touch at a time t ~ to, provided that  
we set Ri = 0 in (1.8) and (19) for i = 1 , . . . ,N -  1. 
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